A variation-of-constants formula is obtained for a linear abstract evolution equation in Hilbert space with unbounded perturbation and free term. As an application, the state of the abstract controlled system with unbounded mixed controls is explicitly given.
Introduction and main results
In this paper, we consider the following equation in some Hilbert space X: where the parameters in (1.1) satisfy the following hypothesis:
(H) −A generates an analytic semigroup e − A· on X with fractional power A being well-defined for all ∈ Ê, Þ ∈ [0; 1/ is fixed, 8 ∈ Ä .X/, 9 ∈ Ä .U; X/ with U being another Hilbert space, x ∈ X and u.·/ ∈ L 1 loc .0; ∞; U /, the set of all locally integrable functions taking values in U . When Þ = 0, e − At is only assumed to be a C 0 -semigroup and is not necessarily analytic. The second and third terms on the right-hand side of (1.1) are called the perturbation and free terms respectively.
In control theory, people sometimes consider the control variable in the form of a state feedback plus another new control variable. The resulting inhomogeneous equation will have not only a perturbation but also a free term. The system will take the form of (1.1), in which Þ = 0 corresponds to the bounded control case and Þ ∈ .0; 1/ corresponds to the unbounded control case. For the bounded control case, [1, 6] (among others) established a variation-of-constants formula for (1.1).
The controlled second-order parabolic equations in a bounded domain ⊂ R n can be represented by
where B ∈ Ä .U; X/, and the relevant values of the constant Þ are as follows (see [4, 6] , for example):
2 . /; and n=4 < Þ < 1, for pointwise control with In this paper, we will establish a variation-of-constants formula for the linear abstract evolution equation (1.1).
The following notation will be used hereafter: −A+8A Þ also (see [3, 8] ) generates an analytic semigroup G.·/¸e .− A+8A Þ /· . For a given analytic semigroup e −2· with infinitesimal generator −2, there exists some ½ 0 > 0 such that 2 0¸½0 I + 2 admits fractional powers 2 0 for any ∈ Ê.
Our main result can be stated as follows. 
Then S.·/ is also an analytic semigroup with infinitesimal generator − A satisfying
Moreover, it holds that
.II/ For any given þ ∈ .Þ; 1/, the solution of (1.2) can be expressed as
where E.Þ; þ/ is the extension of A
[3]
Variation-of-constants formula 585
In the above, (1.7) is called a variation-of-constants formula for the abstract evolution equation (1.1).
The remainder of this paper is organized as follows. In Section 2 we prove (I) while in Section 3 we prove (II).
Some linear homogeneous equations
In this section, we will establish the unique existence of and obtain regularity properties for the solution of some homogeneous equations. These results will be later used to prove (I).
For any > 0, there exists a c > 0 such that (see [8] )
All the above properties also hold for the adjoint A * of A. 
as follows:
It follows from (2.1) and the Fubini theorem that Then Z .·/ satisfies the semigroup property. By (2.1), it holds that, for all t ≥ 0,
Thus, by the singular Gronwall inequality ([2, Lemma 7.1.1]), we obtain Z .t/ ∈ Ä .X/ for t ∈ .0; ∞/, which implies that Z .·/ is a C 0 -semigroup. On the other hand, for any given ¾ ∈ D.A Þ /, it follows from (2.5) that, for all t ≥ 0,
The singular Gronwall inequality and (2. 
Then the uniqueness of the solution to (2.5) yields (2.6). Now we will prove the analyticity of S.·/ in (1.4). By the perturbation theory of analytic semigroups ( see [3, 8] 
A variation-of-constants formula
In this section, we will prove (II) so as to establish a variation-of-constants formula for the evolution equation (1.1 
